XX. On the Probabilities of Survivorfbips between Two Perfons
of any given Ages, and the Method of determining the Values
of Reverfions depending on thofe Survivorfbips. By Mr. Wil-
liam Morgan; communicated by the Rev. Richard Price,
D.D. F.R.S.

Read May 8, 1788.

HE hypothefis of an equal decrement of life, adopted by
M. pe Mo1vre, for the purpofe of facilitating the com-~
putations of life annuities, has not only been rendered unne-

ceflary by the late publication of many excellent tables deduced

from real obfervations ¥, but has likewife been found fo very

incorre in fome cafes, that probably little or no recourfe will

ever be had to it in future. But though the diret application

of this hypothefis may be laid afide, there is danger of its not.

being entirely abandoned ; and mathematicians may ftill be led
to reafon from this prmmple, by derwmg their rules from the
mpeé?atzam rather than from the real probabilities of life. ‘The

ingenious Mr. THoMAs SimpsoN has contented himfelf with’
this inaccurate method in his Sele& Exercifes, and he has been’

followed in it by moft other writers on the fubje . Even
in thofe cafes which involve only two lives, the errorsare often

% See Dr. Price’s Treatife on Reverfionary Payments, 4th edit.; and Mr.
Baron Maseres on Life Annuities. _ ;
+ Dr. Price's folutions of his 15th and 16th queftions are exceptions to this

remark.
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332 Myr. MorcgaN

confiderable, efpecially if the expettations are derived from the
Londin, the Sweden, or any other tables, in which the de-
crements of life are unequal. But when three lives are in-
volved in the queftion, thefe errors are generally enormous;
nor is it ever fafe, when the ages of thofe lives differ very
much, to have recourfe to rules which are founded upon this.
principle. The three following problems, though the moft
common in the do&rine of {urvivorfhips, have never hitherto
been folved in a manner ftriétly true. The fecond of them is.
of particular importance, and I have taken much pains to exa~
mine how far Mr. SimpsoN’s {olution of it may be depended
upon. It has, indeed, been folved by M. b Moivre *, and
Mr. Dobson+: but the firft of thefe writers has erred moft
egregioufly in the folution itfelf, and the other having derived-
his rule from a wrong hypothefis, has rendered it of no ufe.
It is much to be withed that the folutions of all cafes in rever-
fions and furvivorfhips were deduced, like the three following.
ones, from the real probabilities of life. Moft of thofe which
are now in ufe are at beft but approximations, and can never
be relied on with any tolerable degree of fatisfattion.

PROBLEM I
Suppofing the ages of two perfons, A and B, to be given;
to determine the probabilities of furvivoifhip between them:
from any table of obfervations.

SOL UT IO N.
- Let a reprefent the number of perfons living in the table atr
the age of A the younger of the two. lives: Let a’, a”, 2"
, ‘ 5

# See Mr. pE Morvre’s 17th problem, and Dr. Prrce’s remarks upon it in
his Treatife on Reverfionary Payments, Effay 3. Vol L,

4 See Dopson’s Mathematical Repofitory, Prob..23. Voli I

4 a’’,
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2", &c. reprefent the decrements of life at the end of the
1Y, 2d, 3d, 4th, &c. years from the age of A. Let 4 repre-
fent the number of perfons living at the age of B the older of
the two lives, and ¢, d, ¢, f; &c. the number of perfons living
at the end of the 1ft, 2d, 3d, 4th, &c. years from the age of
B. Suppofing now it were required to determine the-probabi-
lity of B’s {furviving A in the firft year. It is manifeft that
this event may take place either by A’s dying before the end of
the year and B’s furviving that period, or by the extin&ion
of both the lives, reftrained however to the contingency of B's
having died /zft. ‘The probability that A dies in the firft year,

and that B furvives it, is expreffed by the frattion %%, The

probability that both the lxves dlC in this year is exprefled by

b c,
a

A dies firft, this fra&tion fhould be reduced ome-half; and then

the fraction 2 ; and as it is very nearly an equal chance that

it will become =~ 'zf;c. Hence the whole probability of B’s

,1;:, a'.m

furviving A in the firft year will be = /; ‘e PyTaRE=tarw, In
the fame manner the probability of B's furvmg A in the 2d,
& evd a” . d+e

> e eoe

3d, 4th, &c, years may be found = e

o e+f | gc. refpeively therefore, the whole probability of B's

2ab

gy

X /7+c c+d d+e e+
furviving A will bc—-— % Ta’-}--—;—a”-}-—g—- a”’+f2—fa””,

&ec. ~
Having found by the preceding feries the probability of B,

the elder life’s, furviving A the younger; the other expreflion,
Yyz2 which
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which denotes the probability of A’s furviving B, is well known'
to be the difference between the foregoing feries and unity.

The fum of this feries might eafily be determined from
tables of the expeations of fingle and joint lives*, = But no
fuch table as the latter having ever been computed, it will by
no means be found a laborious undertaking to compute a table
of the probabilities of furvivorfhip between two perfons of all
ages immediately from this feries, without having recourfe to the
expe&tations of life. For if the probability of furvivorthip between
any two perfons be found, the probability between two perfons
one year younger is obtained with little difficulty ; and by pro~
ceeding in this manner a whole table may be formed in lefs time,
than would be neceflary for computing one of the expectations
of two joint lives. To exemplify what 1 have faid, I fhall
juft fet down a few operations for determining the probability
of furvivorfhip, according to the Northampton Table of Ob-
fervations +, between two perfons, whofe common difference
of age is 10 years,

* The above feries, expreffing the probability of furvivorfhip, may be eafily.

found, from the folution of the next problem, = 8- K”'AK—; - C—AC; K
‘ 2

denoting the expe@ation of one life one year younger than B; C the expettation
of a life one year ‘older than B; AK and AC the expectations of the joint lives
of A and K, andof A and C, refpettively; and 8, as in that problem, the
number of perfons living in the télﬁle of obfervations at the age of K.-

4+ See Dr, Pricr’s Treatifc on Reverfionary Payments, Tab, 6. Vol, 1L.
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Age]Age Probability of B’s furviving A. Probability of A’s
of B.jot A. furviving B,
1 o+1 o ” ‘ - vy e §
96|86 [ Txiss Xz x34—.,117‘3 . oI .1173—@887
= 4T 41417=.1606 |1 —.1606=.8294

95 85 4x186x 2

I

; 9x4 ] 4 o=, — 2040 =.7 :
94|84 gxaa’ 2 x 484 119.5=.2049 1 —.2049 =.7951

: 16 + ’ \
93| 83 16:<289‘XI’ 29 X554+ 431.5=.2420 1—-2420}=.7580
: 1 24+I6 } Coe T .
92 82 24)(34_6)( 2 X57+1119=.27ZO[_!2720:.7280
« I 34+24 o .
91|81 {Faxac6 " 2 X6°+2259‘f'2897x—.2897=,7103
I 46434

90|80 26%469 2 % 63 +’4999= -30221 - 3022— 69/8

It may eafily be feen from thefe fpecimens in what manner
the probabilities of furvivorthip between two younger lives are
deduced from the probablhtxes between two older lives, pro-
vided their common difference of age be the fame; for the
numbers17 .. 119.5+ .+ 431.5, &c. in the 2d, 3d, 4th, &c.
feries are the fums of the feries next precedmg Thus 17 is-
=34%%...119. gis=4rxi+17.. ‘- 4315 1s-48>< 3
119.5, &c. It may be neceﬂary to obferve further, that if
the ages of the two perfons be equ‘al, the probability of furvi-
vorfhip between them being likewife equal, is exprefled by the

~fra&tion §; and that this affords an inftance of the accuracy of
the foregoing inveftigation ; for the feries exprefling the proba-
bility in this cafe is the fame with this fraction, the chance of
furvivorthip becoming then (fince a=¥é; a'=b-c; a’=
c—d, &c.; and Ttexa =btcxb—c=1b - c’, &c.) =
bb—cc  cc—dd

it BeFh
M,
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Mr. Simpsown, in his Treatife on Annuities and Rever
fions * has given a curve whofe area determines the probabi-
lity of furvivorfhip between two perfons according to any table
of obfervations. If one of the lives be not very young fo
that the equidiftant ordinates may not be too few, this area is
{ufficiently correct. But if the eldeft of the two lives is under
20 years of age, it becomes neceflary to afflume fo many equi-
diftant ordinates to render the folution accurate, when the de-
crements of life are unequal, that the operation is rendered
much too laborious for ufe; nor do I know that it can be ne-
ceflary to have recourfe to this area in any cafe, efpecially as
the true probabilities of furvivorfhip are fo eafily computed
from the preceding feries. \

The following table has been formed in the manner de-
{cribed above; and as no fuch table has ever been attempted
before, 1 have been the more defirous to render it complete, by
computing the probabilities of furvivorfhip between two per-
fons of all ages, whofe common difference 1s not lefs than
ten years.

Inftead alfo of {uppofing certainty to be denoted by unity,
1 have affumed 100 for this purpofe; fo that the fums in the
adjoining columns exprefs the number of chances in 100
which are in favour of B or A’s {urviving the other.

% Lemma 2:p. 100,

TABLE;
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TasLy, fhewing the probabilities of furvivorthip between two
perfons of all agés, whofe common difference of:age/ 1s not
lefs than ten years, computed from the Northampton Table
of Obfervations in Dr. Price’s Treatife on Reverfionary

Payments.

Ten years difference,

Twenty years difference.

Thirty years difference.

Ages. Probabilities. Ages. | Probabilities, Ages. Probabilities.

11— 1| §8.59) 41.41f 21— 1 | §52.46| 47.54} 31— 1 | 48.23} 51.77
12— 2 [ 51.30) 48.64) 22— 2 | 44 33| 55.67} 32— 2| 39.36 | 6o 64
13— 31 48.23| 51.77) 23— 3 | 4088 59.121 33— 3 | 35.57| 04.43
14— 4| 45.98| 54028 24— 4 | 39.00| O1.00} 34— 4 | 32.86| 67.14
15— 5 | 44.70} 55:30] 25— 5| 37:69| 62.31) 35— 5 [ 31.35| O8.65.
16— 6 | 43.43| 56.57] 26—~ 6 | 36.40| 63.00] 36— 6 | 29.85| 70.15.
17— 7| 4253) 57.47] 27— 7| 3548 64.520 37— 7 | 28.83| 71.17
18— 8 | 41.91| 58.09f 28— 8 | 34.84| 65.16} 38— 8 | 27.98| 72.02
19— 9 | 41.00 58.404 29—~ 9 | 34.52| 65.48] 39— 9 | 27.53| 72.47
20—10 | 41.53} 58.47 ) 30—10 | 34:41| 65.591 40—10 | 27.33| 72.67
21—11 | 41.53| §8.42f 31—11 | 34.40| 65.60] 41 —11 | 27.24]| 72.76"
22—12 | 4168 | §8.32) 32—12 | 3442 65.581 42—12 | 27.18| 72.82
23—13 | 4178 58.224 33—13 | 3444 | 65561 43—13 | 27.14| 72.86
24—14 | 41.90| 58.108 34— 14 | 34.47| 05.53] 44— 14 | 27.11| 72.89"
25—15 | 42.02| 57.98§ 35—15 | 34.51| 08491 45— 15 | 27.08| 72.92
20—16 | 42.16] 57.84§ 36—10 | 34.56| 65.44) 40—10 | 27.c6| 72.0:
27—-17 | 42.26| 57.74} 37—17 | 3458 65~4}2 47=17 | 27.01| 72.99.
28—18 | 42.32| 57.08] 38—18 | 34.54| 0546 48— 13 | 26.90| 73.10
29—19 | 42.34| 57:60} 39—19 | 34 44| 65.56§ 49— 19 | 26.72] 73.28
30—20 | 42.31| 57.69] 40—20 | 34.29| 65.71} 50—20 | 26.50| 73 50
31—21 | 42.22| 57.78) 41—~21 | 34.08| 65.92§ s1—21| 26.21| 73.79
32—22 | 42.09| 5791 ] 42—22 | 33.84| 60.16} 52—22 | 25:89]| 74.11
33—23 | 41.97| 58038 43—23 | 33-59| 60.41} 53—23 | 2556 | 74 44
34—24 | 4183} 58.174 44—24 | 3335 | 60.65} 54—24 | 25.22| 74.78
35—25 | 41.70] §8.30} 45—25 | 33:09f 66.91} 5525 | 24.87] 75.13 .
30—26 | 41.56| 58.44) 40 —206 | 32.83] 67.171 56—26 | 24.52] 75.48
37—27 | 41.47| 58.591 47—27 | 32:50| 67-44) 57—27 | 24.16| 75.84.-
38—28 | 41.20| 58.74] 48—28 | 32.28| 67.72% 58—28 | 23,79 76,23
39—29 | 41.10| 58.904 49—29 [ 31-9 | 68.01} 59—~29 | 23.41] 76.59.
40—30 | 40.94| 59.00§ 50—30 | 31.70| 68.30} 60—30 | 23.02] 76.98
41—31 | 40.78| §9.22§ 51—31 | 31.43| 68.57) 61—31 | 22.63] 77.37
42—32 | 40.63] 59.37) §52—32 [ 3116 68-84) 62—32 | 22.23 77,77
¢3~33 | 4049/ 59-511 53—33 | 30-88] 6932 6333 | 21.81] 98.19

Ten
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© Ten years difference.

Twenty years difference.

Thirty years difference,’

. r Probabilities.

Ages,

Probabilities.

Ages.

Probabilities,

40.34
40.19
40.04
39.88
39-71
39-54
39-38
39-23
39.07
38.90
38.81
32-53
35
e
37:97
37-77
37560
37.?)0
37.00
36.68
36.34
35»97)
35-58
3517
34-74
34:30
3385
33:38
32-90
32.46
32:04
31.70
31-45
31.20
30-90
30.47
30.00
29.58
29.19
28 9o
29 02
29.17

2g.25 |

59:06
59-81
59:96
6o.12
60.29
60.46
60.62
60.77
60.93
61.10
61.19
01.47
61.05
61.84

.62.03

62.23
62.44
62.70
63.00
63.32
63.66
64.03
6442
64.83
65.26
65.70

66.15

66.62
67.10
6754
67.96

68 30
68.55
68‘.80

6g.10
6953
70-00
70442
70 81
71.10
7098
70.83

7075

54—34
55—35
5636
57—37
58—38
59—39
60— 40
61 —41
62—42
63—43
64— 44
65—45
66— 46
6747
68 —48
69—49
70~ §O
71—§1
72— 52
73—353
74 - 54
7555
76—506
77 =57
78_58

—59
’E]}g; 6o
81 —061
8262
83—03
82-—64.
85—05
86 —66
87 —67
88— 68
8g—069
90— 70
gr—71
g2—72
9373
94—74
95-75

9o - 76

30.60
30.32
30.03
29-73
29:43
20.13
28.82
28.49
28.14
2774
27-33
26.90
26.46
20.01
25-55
25.09
24.61
2406
23-49
22.91
22-35
21.81
21.31
20.80

20.24.

1959
18090
18.23

17-57

17.03
16.73
16.55
10.29
16.33
16.44
16 23
15.67
14.50
13.05
11 o8
9.24

7-17

5.12

69.40
69.68

69.97

70.27

70-57
90.87
71.18
71.51
71.86
72.26
72.67
73.10
73 54.
7399
7445
74 91
75-39
75:94
7().51
77+99
77+05
78.19
78.69
79.20
79.76
80.41
81.10
81.97
82 43
82.97
83.27
83.45
8371
83.62
83.56
83.77
84.33
85.50
86.95
88.92
90.706
92.83
94.88

64—34
6535
66— 36
67— 37

68— 38"

69—39
40— 40
71—41
7242
73—43
74— 44
75—45
76 — 46
77— 47
78 — 48
79—49
8o—50
81—31
82~ 52
33—53
84—54
85—55
86—56
87—57
88—53
89—%9

0 —00
gl-fél
92—62
93—063
94— 04

" 95—"05
96—006

21.38

20.93
20.47
20.01

19.54.

19.00
18.59
18.10
17.58
17.05
16.53
16.04
15.60
15.15
14.68
14.16
13:61
13.04
1246

11.94

11.60
1.1.30
11.04
10,80

10,63

10.25
9.65
8.68
7:54
6.18
4.93
3.68
2.58

78.62

7907

79:53
79-99
80.46:
80.94
31.41 ;
1.0
82.42
82.95
8347
83.96
84.40
84.85
85.32
§5~84
0.
86.32
87.54
88.00
88.40
88.70
88.96
89 20
89.37
89.75
90.35
91.32
92.46
93.82
95-07
96.32
97-42

Ten



" Ten years difference,

Ages,

Probabilities.

87—77

88—78
89—79
90—80
91—81
92 —82
93—83
94—84
95—385
96—86

20.42
29 94
30.29
30.22
28.97
247.20
24.20
20.49
16.06

11.73

70.58
70.06
69.71
69.78
71.03
72.80
75.80
79-51
83.94
88.27
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Forty years difference,

Fift-y years difference.

Sixty years difference.

Ages. | Probabilities. Ages. | Probabilities. Ages. | Probabilities.
41— 1| 43.57)| 50e4.§ 51— 1 | 30.16] 60.84] 61— 1 | 34.94} 65.06
42— 2| 33.98) 66,02} 52— 2 | 28.87| 71,13} 62— 2 | 24.13| 75.87
43— 3| 29:85) 7015} 53— 3| 24.40 1 75.54} 63— 3 | 19.52| 80.48
44— 4 | 26.88) 73.12) 54— 4| 21.28| 78.72] 64~ 4 | 16.19| 83.81
45— 5| 25.20| 74.80f 55—~ 5| 19.48] 8o.52 65— 5 | 14.28 | 85.72
46— 0 | 23.53| 76.474 56— 6| 17.68] 82.32] 66— 6 | 12.37| 87.63
47— 7 | 22.30| 77.704 57— 7| 16.35] 83.65} 67—~ 7 | 10.92| 89.08
48— 8 | 21.40| 78.60§ 58— 8 | 15.35] 84.65] 68— 8 | 982 go.18
49— 9 | 20.86| 79-14} 59— 9 | 14.74| 85.26] 69— 9 | 9.12] 9o.38
50—10 | 20.59| 79.41} 60—10 | 14.42| 85.58} 70—10 | 8.73| 91.27
51—11 | 20.45| 79-554 61—11 | 14.22| 85.98) 71—11 | 8.46| 91.54
§2—12 | 20.35] 79:65§ 62—~12 | 1406 85.94] 72—12 | 8.25] 91.75
53—13 | 20.26| 79.74} 63—13 | 13.90| 86.10f 73—13 | 8.05| g1.95
54—14 | 20.18| 79.823 64—~14 | 13.76| 86.24} 7414 | %.83| 92.12
55—15 | 20.11| 7989 65—15 | 13.02] 86.38} 75~—15 | 7.75) 92.25
§6—106 | 20.05| 79.95] 66—16 | 13.50]| 86.50} 76—16 | 7.68) 92.32
57—17 | 19 96| 8o.04) 67—17 | 13.35]| 86 65% 77 —17 7.59| 02.41
58—18 | 19.81| 8o.19} 68—18 | 13.14| 86.864 78—18 | 7.43| 92.57
59—19 | 19.59| 8o.41§ 69—19 | 12.86| 87.14] 79— 19 | 7.19| 92.3%
60—20 | 19.31| 80.69) 70—20 | 12.53| 87.47} 80—20 | 6.g0| 93.10
61—21 | 18,90 81 04 71—21 | 12,11} 87.8¢F 81—21 | 0.55| 93.45
62—22 | 18.55| 8r.a5) 72 ~22 | 11.65]| 88.35} 82—22 | 6.16| 93.84
63—23 | 18.12| 81.88) 73~23 | 11.20| 88.5¢c] 83—23 | 5.81} 94.19
64—24 | 17.68] 82.321 74—24 | 10.75] 89.251 84—24 | 5.50] 94.44

Vo, LXXVII, Z z Forty
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Forty years difference. Fifty years difference, Sixty years difference.
Ages. | Probabilities. Ages. | Probabilities. Ages. | Probabilities.
65—25 | 17.22) 82.78} 75—25 | 10.32] 89.681 85 —25 | 5.32] 94 68
66—26 | 10,70 | 83.241 76—26 | .91 go.09f 8b—26 | 5.1 | g4.89
67—27 | 10.29] 83714 77—27 | g.50| 90.50§ 87—27 | 4.90/ g5.10
68—28 | 15811 84.19¢ 78—28 | 9.07| 90.93{ 88—28 | 473! 05.27
69—29 | 15.32| 84.68{ 79—29 | 8.61| 91.391 80—29 448 95.52
70— 30 ‘14.83 85.17f 8o—30 | 8.15] g1.85) 90—30 | 4.13| 95 87
71—31 | 14.3¢| 85.661 81—31 | 7.701 92.30} 91—31 | 3.63| 96.37
72.—32 | 13.84] 8616 82~32 7-271 92.73§ 92—32 | 3.10| 96.90
73—33 | 13-35| 86.65} 83—33 | 6.88] 93.12{ 93—33 | 2.48{ 97.52
74—34 | 12.87] 87.134 84—34 | 6.601 93404 94—34 | 1.94| ¢8.06
75—35 | 12.42| 87.581 8535 | 6.35) 93.65] 95—35 | 1.40{ 98.60
9636 | 11.99| 88.011 8036 | 6.12] 93.88] 96—36 | ©.95{ 9g.05
77—37 | 11.50}| 88 441 8737 | 5.91| 94.09

78 -38 | 11.12] 88.88} 8838 | 5.74| 94.20
79—39 | 10.64) 89.361 89—39 | 5.48| 94.52

Bo—40 | 10.21| 89.79] go—40| §.1r| 94.89.

81—41 | 9.68)90.321 g1 —41 | 4.55| 95.45

82—42 | 0.19]| 90.81f g2—42 | 3,92| 96.08

83—43 | 8.70] 91.241 93—43 | 3.15| 90.85

84—44 | 8.46]| 91.541 94—44 | 2.47]| 97.53;

85—45 | 8.18] 91.82] 95—45 | 1.80| 98.20]

86—46 | 7.95] 92.05% 96—46.| 1.23! 98.77

87—47 | 7.74] 92.26

88—-48:| 7.59| 92.4L

89—49 | 7.32 92.68

90—50.| 6.90| 93.10

91—51 | 6.17] 93.83

92—52 | 5:33] 9407

93—53 | 4+32] 95-68

94~354 | 3.42] 96.58

95—355 | 2.51] 97:49]

96—56 1 1.73] 98.27.

Seventy
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Seventy years difference. | Eighty years difference. | Ninety years difference,

Ages. | Probabilities. Ages. Probabilities. Ages. Probabilities.

—

JI— 1| 30.49} 69.51} 81— 1 | 24.95] 75.05} 91— 1 | 18.93( 8107
72— 2| 19.45| 80.551 82— 2 | 14.37| 85.631 92— 2 | ¢.18{ go.82
73— 3| 14.87| 85131 83— 3| 10.34| 89.60] 93— 3 | 5.53| 94.46
74— 4 | 11591 83.411 84— 4 | 7.63] 92.37] 94— 4 | 3.12| G6.88
75— 5| 9:80| 9020 85— 5| 6.34]93.66] 95— 5| 2.12| 97.88
76— 0| 7.98| g2.02f 86— 6 | 4.92| 95.081 96— 6 | 1.15| 98.85
77— 17| 0.60| 93.40] 87— 7| 3.85| gb.135

78— 8| 5.53]94.47| 88— 8| 3.04| g6.96

79— 9| 484] 9510189 9| 2.50| 97.50
80—10 | 4.44| 95.56| go—10 | 2.16]| 97.84
81—11 | 4.18| g5.82 gr—1I 1.86| ¢8.14
8212 | 3.97196.03} g2—12 | 1.57| 98.43
83—13 | 3.80| 96.20} 93-.13 | 1.25| ¢8.75
8414 | 3.72| 96.281 g4—14 | 0.97] 99.03

8515 3.08 96.32] 95—15 0.70{ 99.30
86 —16 | 3.70) 96.300 96—16 | 049 99.5T
87—17 | 3.73| 96.27
88 —18 375 96.2§
89—19 | 3.07| 96.33
90—20 | 3.45| 96.55
gr—21 | 3. 9 96.91
92—22 | 2.63| 97.37
93—23 | 2.10} 97.90

94— 24 1.64] ¢8.36
95—25 1.18] 9}8 82
96—26 | 0.80] gg.20

PROBLEM Il

Suppofing the ages of A and B to be given; to determine,
from any table of obfervations, the prefent value of the fum
S payable on the contmgency of one life’s furviving the
other.

Zz2 SOL Us
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SOLUTION,

Let 7 denote [ 1. increafed by its intereft for a year, and let
all the other {fymbols be the fame as in the preceding problem.
Let the life of B alfo be fuppofed to be the older of the two
lives 3 and then it will follow, by reafoning as in the folution
of that problem, that the prefent value of S to be received on
death of A, thould that happen in the life-time of B, will be ex-

7 ! 17 d+ . // a///!
prefled by the feries S >< 4 ire.a d e+

24/)7 YR 2abr3 T oabt
&ec. This feries may be refolved into ths two following
S dd’ a’’’ " bd 2 it
Lo L R e 4l T D &,
2. abr abrt ' abr3 ' abrt a2

The firlt of thefe two ferxes may be again refolved into

S ¢ ca—ca d  da—da’ —da” .

4 e ea — ea’ —ea'’ -- ea”’ &ec
2 % abr bir* abr® b3 abr3 ¢
o’ m Ry ¢ d  da—da e
- T &c. =) =S x —xZ - S T S
( ab g abrd ) 207 ® cr acr +cr2
—ea' —ea”’

&c. Let B denote the value of an annuity on the

acr”
life of B, C the value of an annuity on a life one year older
than B, AB and AC the values of annuities on the joint lives
of A and B and of A and C, and thefe feries will be =

SxB_AB SxcXxC_AC , . . »
QXBQ Y Agam, the fecond feries above men-

tioned, or 2— X £‘1+i‘i'_+ - &c., by purfuing the fame fteps

abr = abr* " a

S.B—AB
= where 3 denotes the -

may be found __@f x K= AK -
number of perfons living at the age of a perfon one year
younger than B, K the value of an annuity on that life,
‘ and
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and AK the value of an annuity on the joint lives of A
and K. The whole value of the {urvivorfthip is therefore —

r—1.B—AB B.K—AK c.A—AC
S Ye pys + v — Py . QE. D.

Having now the value of the fum S payable on the contin-
gency of B’s {urviving A, the value of the fame {um, payable
on the contingency of A’s furviving B, is eafily obtained by
the well known method of fubtracting the value found above
from the whole value of the reverfion after the extinGion of
the joint lives of A and B. It is evident, that the exaltnefs
of the above rule muft depend on the accuracy with which the
values of the fingle and joint lives are computed. Being pof-
fefled of fuch tables for all ages, even with refpect to the joint
lives, 1 have computed the following values, in order that it
may be feen how far Mr. StMPpsoN’s approximation * (the only

-rule now in ufe) may be depended on.

# It muft be remembered, that the correGion explained by Dr. Prieg, in
Vol. I. p. 39, &c» of his Treatife on Reverfionary Payments, muft be applied
to Mr. Simeson’s rule; that is, when the reverfion is a fum and not an eftate,
the value found by the rule muft be divided by £. 1, increafed by its intereft for
a year,
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* Value of £, 100 Value of £. 100 Value of £. 100

payable on the payable on the payable on the

death.of A if B death of A if B death of A if B
o 1< |furvives him., 0 |4 [(urvives him,. o |« Hurvives him,
S5 515 €5
olol| True | Simp- foi,| True Simp- o |5 True | Sime-
22 val son’s b 3| value. | son’s || value: | son’s
o || value. oN’e fn | oN’s ja| | v

value, value. value.

S |
N

32.67 | 26.05 40110] 17.10 | 19.07 {60l60| 38.28 | 38.92
10[10| 24.74 | 24.75 {30l40| 32.86 | 32.87 k70| 2| 18.36 | 9.81
20| 2| 20.99 | 24.73 150 2| 23.36 | 17.06 {70/10| 7.07 9.15
20[10| 22.11 | 22.50 |50/10| I4.01 | 16.21 fr0j40| 15.35 | 15.78
20(20| 27.95 | 27.90 J50120] 18.65 | 19.29 §70170| 42-34 | 42.33
30| 2| 28.79 | 22.60 5050/ 35.80 | 35.85 80| 2| 14.46 51
3010| 19.84 | 21.47 60| 2} 21.52 | 13.61 80|10 3.93 543
30/30| 30.22 | 30.21 [6ol1o| 10.65 | 12.93 {8050 12.05 | 12.00
40| 2l 26.65 1 20.07 |60/30| 17.51 | 18.19 {80180 45.47 | 45.45

F'rom this table it appears, that Mr. Srmpson’s approxima-
tion in the middle ftages of life is fufficiently accurate; but
that it is exceedingly defe&ive when the life of A is very
young. It fhould alfo be remembered, that thefe values have
been computed at a low rate of intereft, and from the
Northampton Table of Obfervations, in which the decre-
ments of life come nearer to M. pE Mo1vrE’s hypothefis than
in any other table. But if the computations be made at a
higher rate of intereft even from this table, the approxima-
tion does not always agree fo well, as will appear from the
following fpecimens calculated at § per cent.

* Thefe values have been computed at 3 per cent. and from the Northampton
7Yable of Obfervations,

Age
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Value of £. 100} Value of £. 100 payable on the death of A

payable on the if B furvives him, according to the Swe-
death of A if B den Table of Obfervations, and at 4 per
furvives him, by cent,
the Northampton
M 1< (table,
[TV R PR -
°lo =< ~ |
Sofg| True | Sime- jufe| True | Sime~ jgfw| True | Sime-
< || value. son’s o |o| value soN’s | olol value. SON’s
» 50| 30 o) &o
value, o'l value, |l value,

25.09 | 18.46 |20/ 2| 21.47 | 16.80 [60/36| 12,29 | 16.81
2010 15.49 | 17.54 {20/14| 15.42 | 17.82 [6042| 16.11 | 10.68
40| 2| 23.57 | 15.97 l2020| 20.01 | 19.84 [60/60| 36.96 | 36.34
60| 2| 19.83 | 11.75 i40| 4| 23.53 | 14.22 |76l40| Q.21 a.5r1.
6olgo] 18.73 | 10.61% 40116} 13.71 | 16.23 |76|52| 12.58 | 14.00°

: 40/28] 17.60 | 20.44 }76/64] 23.81 | 22.81
40|40] 27.62 | 27.00 [70(70] 42.90 | 43.29:
60j24! 9.39 | 13.01

N
o
»

In order further to compare Mr. S1MpsoNs approximation
with: the true value, 1 have inferted in the foregoing table a
few computations deduced from the Sweden Table of Obfer-
vations, in which the decrements of life are unequal. From
thefe inftances the approximation appears to-be more defective
" in proportion as the probabilities of life differ from the hypo-
theis. It may be proper, however, to obferve,. that this table
has been computed from the values of two joint lives given by
Dr. Price in his Treatife on Reverfionary Payments, which
values cannot be found with perfect correCtnefs-at every age,
becaufe given in that Treatife (Vol. IL p..57; &c. and p. 144,
&c.) only for ages that are either equal, or whofe difference is
five years or fome multiple of five as in the Northampion
Table, or fix years or fome multiple of {ix as in.the Sweden
Table. This circumftance may perhaps be fuppofed to affe@:
the values of the furvivorfhips computed from them, when the.

% Thefe values at 3 per cent, are 21.92 and 22,478, .
5 joint



346 Mr. MorGAN

joint lives differ from each other in a greater or lefs degree than
they have been given in thofe Tables. But by compariag the
values of the reverfions when the ages are equal (in which cafe
Mr. Srmpson gives the true rule) it will be feen, that the
values of the joint lives are fufficiently correct for the purpofe ;
and in order to put this matter out of all doubt, I have com-
puted the values by the foregoing rule from the exag? values of
the joint lives by the Northampton Table, and alfo from thofe
values which havebeen deduced from Dr. Price’s Tables, and
I have found them to agree exceedingly well *.

It may be perceived, that in all the cafes of equal lives 1
have computed the values of the furvivorfhips by the preceding
rule. This has only been done to prove its accuracy by com-
paring it with Mr. Simpson’s rule, which is in this particu-
lar cafe, as I have already obferved, perfeétly nght; for when
the ages are equal, the chance of furvivorthip muft alfo be
equal, and therefore half the value of the reverfion after the
extinfion of the joint lives will be the true value of the
given fum payable on the death of either A or B, fubje&t to
the contingency of his being furvived by the other life, ‘The
truth of this rule 1s felf-evident; nor does it at all feem to
depend on Mr. Simpson’s folution in his Sele@ Exercifes.
That it is capable, however, of being deduced from the fore-
going"feri‘_es,'mgy be demonftrated in the following manner. By

* Tfhall juft mention the following inftances. When the age of B is 20 and'
that of Ais 2 years, thevalue, by taking the joint lives from Dr. Prrce’s Table,
and approxijating to the .real values of thofe lives in the manner direted by
him, Vol. IL p. 75. of his Treatite, is 29.59. When the ages of B and A are
40 and 2, 5o and 20, 60 and 2, and 70 and 10, the refpective values are 26.93,
18.78, 21.57, and 7.08, which'being compared with the values in p. 344. will
be found to agree almoft exactly with them,

reafoning
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reafoning asin p. 33 5 the value of the fumS, when the ages are

-~c c—d | c—d]
equal, will be=S X X = 2,,,,,, +" v ,+ 2b/)r"
S ce =348 8
2 Xt lvbr3+&c 2 xbbr+bbr+bb 3+&°'"57+§7_3

x BB (puttmg BB for the value of the two equal joint lives) ="

S X % ..r—il x BB = (fince the perpetuity P is '_T’ and the

2
intereft of any fum is that fum multiplied by r-~1)

—

S Pt BB I . - .

<X P . - = L, which is Mr. Simpson’s rule with Dr.
Price’s correftion s thatis, ¢ half the fum multiplied by the
“ difference between the perpetuity and the value of the equal

¢ joint llVCS, and divided by [. 1 increafed by its intereft for a
¢ year.”

PROBLEM IIL

The ages of A and B being given; to determine the value
of the fum S, payable on the extinction of one life in particu-
lar, fhould that happen after the extinttion of the other life.

SOLUTION,

- Suppofing B to be the oldeft of the two lives and the fum
S to become payable on his deceafe, itis evident that this
payment at the end of the firft year muft depend on the con-’
tingency, of both lives being extin& before this period and of
B’s dying /aft. Retaining the fame fymbols, and reafoning as
I have done in the folution of the firft problem, this value

Vor. LXXVIIL Aaa will



348 Mr. Morean

will be exprefled by the fraction > 'The payment of

17
the fum S at the end of the fecond year will depend on either
of two events happening. Firft, that A and B both die in
the fecond year after having furvived the firft, reftrained, as
above, to the contingency of B's having died laft; fecondly, -
that B dies in the. fecond year and A in the firft year., The
value therefore of S for this year will be expreffed by the two
> i;b.r:\ud > ;;i:’—-ﬁ, Again, the payment of S in
the third year will depend either on A and B’s both dying in
that year, and B having died /aft; or on B’s dying in that
year, and A’s dying in the firft or fecond years. The value

fra&ions

147

S.a".a—¢ S.d—¢.d +a"
2abr3 abr3 *
By proceeding in this manner for the other years the whole

therefore of S for this year will be=

_——

, ) . S o .b—¢ o, c—d
value of the reverfion will be found== x +2 =% 4
‘ 2 abr abr
a’ .d—e & .e— a e—d a'+d’ . .d—e \a’+a”+a’”.e—-f
- N &Co S - o
abr? © abrd T &e+SX abr*® - abr? abr

+&c. The firft of thefe feries by proceeding in the fame
manner as in the {olution of the fecond problem may be found =

'—"K AK"B PfB"E B- AB+——x(, AC; and the f{e-

B. Hence the

whole value of the réverﬁon will be=§ x £.: K’Ali;‘ . C-AC
CV _ .

...r—-I.B—-AB; QE E

2r
Having now the value of the fum S depending on the older
of the two. lives dying laft, the value of the fame fum.
depending
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depending on the younger of the two lives dying laft is eafily
obtained, by fubtraing the value firft found from the whole
value of the reverfion after the extinétion of both lives.

The anfwers computed by this rule differ rather more from
thofe computed by Mr. SiMPsoN’s approximation than they do
in the preceding problem. But I am fearful of becoming te-
dious, and therefore thall defift from mfertmg the comparative
values in this cafe. It may not, however, be improper to
exemplify the truth of this demonfiration, by fhewing in
what manner the f{eries may be refolved into the plain
fimple rule for computing the value of the  reverfion,
when thc ages are equal. The feries in this cafe become

— S S .- S.o—d.d=%
2bbrc + 21;1;, , &t 4 ws ot &e. =,

i—cc . 2bd—dd =

S B | cc—26c | ad—2bd ' T
‘+ bbr T bbr* + &c"'+ E X + 35,3 ° &e. =

2 b

‘ B_BB 2B—BB e o
Sx-z-l—r,-l-‘ I; x 2 — = 3 = (putting L for 2B—BB, the
value of an annuity on the longeft of the.two equal lives)
S 1 1—r.L°8 P.r—r L.r—i ‘ ED*
2% =z o (L,

The exaé? value of all reverfions dependmg on furvivorthips
between two lives might be found in the fame manner as the
values in the preceding problems.  With regard to the values
of reverfions dependmg on furvworﬂnps between three lives,
I am fenfible that the folutions of thofe cafes would be rather
difficult when deduced from the real probabilities of life. But
they certainly might be effeGed; and #hefe are the more necef-
fary, inafmuch as the folutions derived from the expe&atxoné-
of life are often fo very defective as not to deferve the name of

approximations.
Chatham Place, Feb. 2, 1788.
% See the latter part of the folution of the fecond problem, p. 347.



